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Abstract
This thesis suggests two kinds of modeling about commodity indices.
In the first model, we assume that the contract weights of the underly-
ing futures of a commodity index is rebalanced as soon as the futures prices
change. This model shows that the value process of commodity index is
represented as a martingale and lognormal process under risk neutral mea-
sure. In this model, the monetary proportion of each underlying commodity
futures for commodity index value satisfies each own target weights(or the
index weight) at all times. From this modeling we can take the PDEs and the
pricing formulas for the value of European options on commodity indices.
In the second model, we assume that the contract weights of the under-
lying futures of commodity index is rebalanced periodically. This model is
represented as a typical ’stochastic volatility model’. From the second mod-
eling, we can get the PDEs for the value of European options on commodity
indices over piecewise time interval i.e. non roll periods and roll periods.
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A Commodity index is similar to portfolio consisting of various commodity
futures belong to the segments of agriculture, energy and metal. A Com-
modity index is well known because of its advantages that the index has
hedging effect for inflation and that investing in a commodity index is not
different from diversified investment for various commodities.
Ankrim and Hensel(1993)[5] analyzed and compared returns of commod-
ity indices with returns of stock indices and bonds. They said that commod-
ity indices inherit the benefit of real commodity assets and hedge inflation,
therefore we expect diversified investment effect from the portfolio consist-
ing of commodity indices and traditional assets. Greer(2000)[15] research
the characteristics of commodity index return and announced that there is
a negative correlation between the commodity indices and traditional assets
during unexpected inflation. And Erb and Harvey(2005)[4] told that the re-
turns of commodity portfolio are made up of cash returns, excess returns and
diversification returns. Besides various papers research the characteristics
and benefits of commodity indices as an investment vehicle.
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Actually there has been increasing interest in the market related to the
commodity indices. Even now the commodity indices and relative deriva-
tives such as S&P GSCI, DJ-UBS, RICI and so on are actively traded in
global financial market. Nevertheless there is not much the study trying to
model the structure of commodity index. This Thesis will attempt modeling
of commodity index subject to RICI.
RICI is the commodity index according to the index weights designated
by the RICI committee. Index weight is the monetary proportion that spe-
cific commodity futures occupies within the value of commodity index. This
value is assigned to each commodity futures composing RICI. Then we have
to calculate the respective shares of commodity futures contracts satisfying
the index weights at some time. From these calculation, we can get the pro-
portion of shares of respective commodity futures contracts for the shares of
whole commodity futures contracts. these proportions are named contracts
weights. In fact, if one hold these contracts weights unvaryingly, the index
weights are not maintained.
There is an important characteristic of commodity indices. That is the
futures prices as the underlying of a commodity index is connected with
the specific delivery dates. So, underlying futures have to be rolled to the
futures with farther delivery date to define the value of commodity index
persistingly. Therefore most commodity indices have rollover periods in
which the first nearby futures are rolled to the second nearby futures, roughly
speaking. Thus the objects that a commodity index tracks are changed
monthly.
However because the futures prices of first and second nearby contracts
respectively fluctuate, the respective contracts weights of first and second
futures contracts to maintain the index weight are different. So, in the case
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of RICI, the contracts weights of the second nearby contracts are calculated
at the initial time of a rollover period. This process is called rebalancing.
These characters are the factors that make mathematical approach for
commodity indices hard. Actually the most research about commodity in-
dices are statistical data analysis or empirical studies, but the approaches
by mathematical modeling for commodity indices seem to be scarce. This
thesis makes attempts to describe the stochastic dynamics of commodity
indices in two ways and to derive the equations and the formulas for the
prices of derivatives based on the commodity index.
In Chapter 2, first we will suggest the theoretical model about com-
modity indices. In this model, the portfolio of the futures consisting the
commodity index is rebalanced continuously to adjust the given the index
weight of each components of the index. Then the monetary proportion
of each underlying commodity futures for commodity index value satisfies
each own the index weight at all times. Furthermore, we will advert the
correlation issue between the futures prices over our first commodity index
model, and consider the relation between the original commodity index and
a sub-index.
In Chapter 3, we will derive the partial differential equations for the
prices of the options on the commodity indices. From these equations we
will calculate the price formulas of the various options. Also, we will deal
with the sensitivity of the option prices using the formulas of European
option prices.
In Chapter 4, we will suggest the second modeling about commodity
indices. Because this model is based the structure of RICI, the modeling is
more practical than the first modeling in Chapter 2. In the second model,
the contracts weights of the components futures of the commodity index is
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rebalanced periodically to adjust the given target weight. Here, we will treat
the second commodity index model as a stochastic volatility model.
4
Chapter 2
The Model for Commodity
Index
2.1 The Model for Commodity Index with Con-
tinuously Rebalanced Contract Weights
We will make an attempt to model commodity index in this section. The
approach introduced in this section is somewhat theoretical. First of all, let
us see the idea of this construction through an example.
First, we will consider the portfolio which is composed of the futures for
two distinct commodities, X and Y . Let us assume that Their monetary
proportions are 1:1 within the value of portfolio. The value process of this
portfolio satisfies the self-financing condition. And assume that if the futures
prices change, this portfolio is adjusted to preserve the monetary proportions
of X and Y within the value of the portfolio.
Now, let us see the example.
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1st day 2nd day 3rd day
X 1 3 2
Y 2 4 3
Portfolio Value 100 250 250× 1724
Shares of X 50 1253 125×
17
48
Shares of Y 25 1254 125×
17
72
Table 2.1: The portfolio strategy according to the changes of the futures
prices
In the first day, the futures prices of X and Y are 1 and 2 respectively.
The initial capital for investing to the portfolio is given as 100. Because
100 = 50 + 50 =
50
1
× 1 + 50
2
× 2
Namely, the portfolio is composed of 50-shares futures X and 25-shares
futures Y .
Next day, the futures prices X and Y change to 3 and 4. Then the value
of the portfolio changes to
50× 3 + 25× 4 = 150 + 100 = 250.
Here the ratio of X and Y within 250 is 150 : 100 = 3 : 2, that is, the ratio
1:1 of X and Y breaks. Because
250 = 125 + 125 =
125
3
× 3 + 125
4
× 4,
Adjusting the shares of X and Y to 125/3 and 125/4 respectively, the ratio
of X and Y becomes 1:1 again.
In the 3rd day, the futures prices X and Y change to 2 and 3 respectively.
Then the value of the portfolio become
125
3
× 2 + 125
4












In common with the 2nd day, we have to adjust the portfolio to maintain









× 2 + 125× 17
72
× 3,








Next, let us consider the commodity index consisting of the futures prices
X and Y which tracks the above portfolio strategy.
Assumption 1.
• Each proportion of X and Y within the value of index is maintained
as 12 always. These rates are called the index weights.
• mX and mY are the respective proportion of shares of X and Y . For





5 . (Here, 2 and 3 is not important.) These values are adjusted
daily after the futures prices change. These weights are called the





























So, 0 < mX < 1, 0 < mY < 1 and mX +mY = 1 if X > 0 and Y > 0.
• The value of commodity index is determined as follow at (t + 1)-th
day.
I(t+ 1) = I(t)
mXX(t+ 1) +mY Y (t+ 1)
mXX(t) +mY Y (t)
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1st day 2nd day 3rd day
X 1 3 2
Y 2 4 3















Table 2.2: The index value process according to the changes of the futures
prices
In the first day, the initial value of the commodity index is given as 100.








In the 2nd day, the futures prices X and Y are changed to 3 and 4
respectively. So by the Assumption 1, the index value is
100 ·
2












































And in the 3re day, the futures prices X and Y are changed to 2 and 3
respectively. Thus the index value become
250×
4
















for X and Y respectively.
Therefore the commodity index defined like this process tracks the port-
folio strategy described in Table 2.1. In other words, we can say the portfolio
strategy in Table 2.1 replicates the commodity index in Table 2.1.
Now in the next subsections, we will describe stochastic model for com-
modity index with rebalanced continuously contract weights.
2.1.1 Non Roll Periods
Glossary
In this subsection we will describe the stochastic model for commodity index
during a non roll period.
• X(t, T ), Y (t, T ) : the futures prices of first nearby contracts
• wx, wy : index weights satisfying 0 < wx < 1, 0 < wy < 1 and
wx + wy = 1.
• mx(t, T ), my(t, T ) : the contract weight satisfying the following equa-
tions 
mx(t,T )X(t,T )
mx(t,T )X(t,T )+my(t,T )Y (t,T )
= wx
my(t,T )Y (t,T )
mx(t,T )X(t,T )+my(t,T )Y (t,T )
= wy
mx(t, T ) +my(t, T ) = 1
. (2.1.3)
Then the values of mx(t, T ) and my(t, T ) are
















Assumption 2. Let us assume that it is defined a d-dimensional Brownian
motion WP(t) on the probability space (Ω,F ,P). Here P is a physical
measure. And {Ft}0≤t≤τ is a filtration generated by WP(t), moreover Fτ =
F . Then By Girsanov Theorem there is a d-dimensional Brownian Motion,
W(t) under risk neutral measure Q.
Assume that the dynamics of the futures prices X(t, T ), Y (t, T ) under
risk neutral measure Q are as follows.
dX(t, T ) = X(t, T )σX(t, T ) · dWt
dY (t, T ) = Y (t, T )σY (t, T ) · dWt
where σX(t, T ), σY (t, T ) are deterministic 2-dimensional vector functions.
And we assume that Wt is a 2- dimensional column vector consisting of two
independent Wiener processes.
Our commodity index is based on the values of first nearby commodity
futures prices. And the initial price of the commodity index I(0) is given.





mx(t, T )X(t+ ∆t, T ) +my(t, T )Y (t+ ∆t, T )
mx(t, T )X(t, T ) +my(t, T )Y (t, T )
.
Using the equation (2.1.3), I(t+ ∆t) is represented the following equation.




X(t+ ∆t, T ) +
wy
Y (t, T )










X(t+ ∆t, T ) +
wy
Y (t, T )







(X(t+ ∆t, T )−X(t, T )) + wy
Y (t, T )








dX(t, T ) +
wy
Y (t, T )
dY (t, T )
)
.
Substituting the SDEs for the futures prices in Assumption 2, the dy-
namics of our commodity index is as follow.
dI(t) = I(t)σ(t, T ) · dWt
where
σ(t, T ) = wxσX(t, T ) + wyσY (t, T )
=
 wx‖σX(t, T )‖a+ wy‖σY (t, T )‖b
wx‖σX(t, T )‖
√









1− b2 = ρ
and ρ is the correlation coefficient of X(t, T ) and Y (t, T ).
Therefore the dynamic of commodity index I(t) is a martingale and
lognormal process during non roll periods under the risk neutral measure.
2.1.2 Roll Periods
In this subsection we will describe the stochastic model for commodity index
during a roll period. We will deal with the following two cases in this
subsection.
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• case 1 : the case that all futures contracts components of the com-
modity index change the second nearby contracts respectively in a roll
period.
• case 2 : the case that some futures contracts components of the com-
modity index does not change the second nearby contracts in a roll
period.
Glossary
• w : the index weight of X(t, T ) for an arbitrary T . So the index weight
of Y (t, T ) is 1− w.
• X(t, T ), Y (t, T ) : the futures prices of the first nearby contracts
• X(t, T ′), Y (t, T ′) : the futures prices of the second nearby contracts
• I(t) : the index consisting of the futures prices X(t, T ), Y (t, T )
• J(t) : the index consisting of the futures prices X ′(t, T ), Y ′(t, T )
• IR(t) : the value of commodity index during a roll period
• α(t) : Suppose that p0 is the initial time and p1 is the terminal time




, p0 ≤ t ≤ p1.
In a roll period, the value of commodity index is determined by four
futures prices X(t, T ), Y (t, T ) and X(t, T ′), Y (t, T ′). We conceive the idea
that the commodity index I(t) composed with X(t, T ), Y (t, T ) is rolled to
the commodity index J(t) composed with X(t, T ′), Y (t, T ′).
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Assumption 3. The stochastic processes of four futures prices X(t, T ),
Y (t, T ), X(t, T ′) and Y (t, T ′) are represented as
dX(t, T ) = X(t, T )σX(t, T ) · dWt
dY (t, T ) = Y (t, T )σY (t, T ) · dWt
dX(t, T ′) = X(t, T ′)σX(t, T
′) · dWt
dY (t, T ′) = Y (t, T ′)σY (t, T
′) · dWt
respectively under risk neutral measure. The four sigma volatilities in these
equations are deterministic 2-dimensional vector functions. And Wt is a
2-dimensional vector process.
Case 1
























dX(t, T ) +
1− w
Y (t, T )






dX(t, T ′) +
1− w
Y (t, T ′)
dY (t, T ′)
)
Substituting the result of the preceding subsection,




′) · dWt + (1− w)σY (t, T ′) · dWt
)






w (α(t)‖σX(t, T )‖a+ (1− α(t))‖σX(t, T ′)‖c)











α(t)‖σY (t, T )‖
√









1− d2 = ρ′
and ρ′ is the correlation coefficient of X(t, T ′) and Y (t, T ′).
Case 2
Let us now consider the case that some contracts among the futures con-
tracts composing the commodity index do not change to the second nearby
contracts during a rollover period. To consider this case in our simple model,
we may assume that I(t) is composed by X(t, T ), Y (t, T ) and J(t) is com-
posed by X(t, T ), Y (t, T ′). Namely, X(t, T ) does not change to the second





dX(t, T ) +
1− w
Y (t, T )







dX(t, T ) +
1− w
Y (t, T ′)
















dX(t, T ) +
α(t)(1− w)
Y (t, T )
dY (t, T ) +
(1− α(t))(1− w)
Y (t, T ′)
dY (t, T ′)
)






= wσX(t, T ) + (1− w)
(










α(t)‖σY (t, T )‖
√





Therefore, in both cases, the commodity index is a martingale and log-
normal process under the risk neutral measure during roll periods.
2.2 Correlation Coefficient Issue
Suppose that two kinds of European futures options on X(t, T ) and Y (t, T )
which are components of the commodity index, and the European commod-
ity index options are tradable. Then we can get calculate the implied volatil-
ity of the options and we may take the three absolute values of volatilities
for the futures prices X(t, T ) ,Y (t, T ) and the commodity index composed
of X(t, T ) and Y (t, T ) [3].
2.2.1 Non Roll periods
As the above result, the volatility of the commodity index is as follows.
σ(t, T ) =
 wx‖σX(t, T )‖a+ wy‖σY (t, T )‖b
wx‖σX(t, T )‖
√
















= (wx‖σX(t, T )‖)2 + (wy‖σY (t, T )‖)2 + 2wXwY ‖σX(t, T )‖‖σY (t, T )‖ρ
So, if we can know the absolute value of volatilities i.e. ‖σX(t, T )‖, ‖σY (t, T )‖
and ‖σ(t, T )‖, then we can get the value of the correlation coefficient ρ by
the above equation.
2.2.2 Roll Periods
X(t, T ) X(t, T ′)




ηXT ,Y ′T ηYT ,X′T
Figure 2.1: the correlation coefficients for the futures prices during rollover
periods
Glossary
• X(t, T ) and Y (t, T ) : the 1st nearby futures prices which are the
components of the commodity index.
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• X(t, T ) and Y (t, T ) : the 2nd nearby futures prices which will be the
components of the commodity index.
• λX : the correlation coefficients of X(t, T ) and X(t, T ′).
• λY : the correlation coefficients of Y (t, T ) and Y (t, T ′).
• ρT : the correlation coefficients of X(t, T ) and Y (t, T ).
• ρT ′ : the correlation coefficients of X(t, T ′) and Y (t, T ′).
• ηXT ,Y ′T : the correlation coefficients of X(t, T ) and Y (t, T
′).
• ηYT ,X′T : the correlation coefficients of X(t, T ) and Y (t, T
′).
Suppose that we know the values of the correlation coefficients ρT and
ρT ′ . Also existing the futures exchange options on X(t, T ) and X(t, T
′), and
getting the prices data of the futures exchange options we may get the values
of the correlation coefficients λX . So does λY . However we have to determine
at least three values ρT , λX and ηT,T ′ among these correlation coefficients
to simulate this commodity index. Suppose that the correlation between
the two underlying commodity prices, X(t, T ) and Y (t, T ) is uniform as ρ
regardless of T . (Definitely ρ may be a function for the time variable t.)
Also assume that we know the ρ and λX and that the four futures prices
satisfy
dX(t, T ) = X(t, T )σX(t, T )dW1













dY (t, T ′) = Y (t, T ′)σY (t, T
′)
(
ηT,T ′ dW1 +
√
1− η2T,T ′ dW2
)
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where W1 and W2 are the independent Brownian motions. In these equa-
tions σX(t, T ), σY (t, T ), σX(t, T
′), σY (t, T
′) andW1,W2 are scalar quantities.
Then the following equation holds because the correlation of X(t, T ′) and
Y (t, T ′) is ρ.

















1− η2T,T ′ = ρ.
And by simple calculations, η satisfies the quadratic equation as follow.
η2T,T ′ − 2ρλXηT,T ′ + ρ2 + λ2X − 1 = 0.
Therefore ηT,T ′ is taken as follows.




Before we investigate the relation between the original commodity index and
relative sub-index, first we will expand generally the modeling for commodity
index.
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2.3.1 The Commodity Index Consisting of N Futures Con-
tracts
Glossary
• Xi(t, T ), (i = 1, 2, ..., N) are the futures prices for N futures contracts
consisting the original commodity index.
• Xi(t, T ′) is the futures price of the second nearby contracts.
• wi is the index weights of Xi(t, T ) for each i which satisfies 0 < wi < 1
and ΣNj=1 wj = 1.
• mi(t, T ) is the contracts weight of the i-th futures price for rebalancing.
mi(t, T ) satisfies the following equations.
mi(t, T )Xi(t, T )
ΣNj=1 mj(t, T )Xj(t, T )
= wi for all i, (2.3.1)
ΣNj=1mj(t, T ) = 1. (2.3.2)
So the values of mi(t, T ) are
wi/Xi(t, T )
ΣNj=1 wj/Xj(t, T )
for each i.
• α(t) : Suppose that p0 is the initial time and p1 is the terminal time




(p0 ≤ t ≤ p1).
Assumption 4. • Xi(t, T ) satisfy as following SDE.
dXi = Xi(t, T )σi(t, T ) · dWt.
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for any T . In this equation, Wt is a d-dimensional stochastic vector
process. Its elements are d independent wiener processes. Because
the number of the commodities is N , the correlation matrix for the
dynamics of the N commodities is N ×N matrix.





ΣNj=1 mj(t, T )Xj(t+ ∆t, T )
ΣNj=1 mj(t, T )Xj(t, T )
.





ΣNj=1 mj(t, T )Xj(t+ ∆t, T )








Therefore the dynamic of the commodity index I(t) during non roll pe-





































Definition 2.3.1. (the commodity index for N futures contracts during
non roll periods.) The commodity index I(t) satisfies the following SDE .
dI(t) = I(t)σ(t, T ) · dWt. (2.3.3)
where
σ(t, T ) = ΣNj=1wjσj(t, T ).
Definition 2.3.2. (the commodity index for N futures contracts during roll
periods.) The commodity index I(t) satisries the following SDE during roll
periods.
dI(t) = I(t)σ(t, T, T ′) · dW.
where
σ(t, T, T ′) = ΣNj=1wj
(




Assume that the original commodity index has various futures contracts as
its component. But we can choose some kinds of those futures contracts to
compose a new commodity index. Such commodity index is called the sub-
index. Ordinarily the futures contracts of the same kind segment; energy,
agriculture or metal, compose the new sub-index.
Glossary
• N : The number of components futures consisting our original com-
modity index.
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• segment X, segment Y and segment Z: The components of the com-
modity index are classified into these three segments.
• nX , nY and nZ : the positive integers of futures contracts in respective
segments. nX + nY + nZ = N .
• The segmentX is composed of the futures pricesXi(t, T ) (i = 1, 2, ..., n1)
with the index weights wi, the segment Y is composed of the futures
prices Yj(t, T ) (j = 1, 2, ..., n2) with the index weights wj and the seg-
ment Z is composed of the futures prices Zk(t, T ) (k = 1, 2, ..., n3) with




i=1 wi, TY = Σ
nY
j=1 wj , TZ = Σ
nZ
i=1 wk.
Namely TX ,TX and TX are the total weights of respect segments for
the original commodity index. So TX , TY , TZ are constant and TX +
TY + TZ = 1.
Definition 2.3.3. (The sub-index for the segmentX) Let us give the futures




Then the value process IX of the sub-index composed by the segment X
satisfies the following SDE.
dIX(t) = IX(t)σX(t, T ) · dWt.
where







The other sub-indices are defined like this.














































































In other words, the return rate of original commodity index is represented
as the linear combination of the return rates of all sub-indices which are
weighted by total segment weights.
THEOREM 2.3.1. Let I be the value process of the original commodity














And the volatility vector σ(t, T ) is
σ(t, T ) = TXσX(t, T ) + TY σY (t, T ) + TZσZ(t, T )





In this chapter we will derive Black-Scholes PDE for the prices of European
options on the commodity index and calculate the prices of various options
on the commodity index.








t = 0 p1 p2 S T2




• S : the maturity of an commodity index option
• T2 : the delivery date of the underlying futures contracts during the
last month which the commodity index option is valid. it is satisfying
T2 > S.
• [p1, p2] : the interval of the last roll period included in the interval
[0, S]
• V (t, I) : the price of the commodity index option
We will induce the partial differential equations of the options on the
commodity index in non roll periods and roll periods respectively.
3.1.1 Non Roll Periods
We will consider about the time interval [p2, S] in this subsection.
π is the value of portfolio consisting of 1-share commodity index option
and the futures contracts with futures prices X(t, T2), Y (t, T2) which have
∆X -shares and ∆Y -shares respectively. So
π(t) = V (t, I).




































I2σ(t, T2) · σ(t, T2)dt+ ∆XdX + ∆Y dY.























I2σ(t, T2) · σ(t, T2)
)
dt
where σ(t, T2) is defined in the same way as the equation 2.1.4. But because

















I2σ(t, T2) · σ(t, T2)− rV = 0.
Therefore we have the following lemma by the Feynman-Kač Theorem.
Lemma 3.1.1. Assume that I satisfies the following stochastic differential





















I2σ(t, T2) · σ(t, T2)− rV = 0
V (S, IS) = Φ(IS)
where Φ is a S-contingent claim. Then V has the representation








where t ∈ [p2, S] which is the non roll period ending at time S.
3.1.2 Roll Periods
We will consider about the time interval p1 ≤ t < p2 in this subsection.
Let us define the boundary value in this time interval as follows.
lim
t↗p2
V (t, IR(t)) = V (p2, Ip2)
And we consider the portfolio consisting of 1-share commodity index option
and four kinds of futures contracts with the futures prices X(t, T1), Y (t, T1),
X(t, T2) and X(t, T2) which are ∆X1 , ∆Y1 , ∆X2 and ∆Y2 shares respectively.
X(t, T1), Y (t, T1) are the futures prices underlying the commodity index just
before the time p1. Let us π be the value of the portfolio, then














































+∆X1dX(t, T1) + ∆Y1dY (t, T1) + ∆X2dX(t, T2) + ∆Y2dX(t, T2).



























I2R σR(t;T1, T2) · σR(t, T1, T2)
)
dt
where σR(t, T1, T2) is defined in the same way as the equation 2.1.5. How-








I2R σR(t, T1, T2) · σR(t, T1, T2) = rV
So, we can get the following conclusion.
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Lemma 3.1.2. Assume that IR satisfies the following stochastic differential











(u, IR(u))σR (u, T1, T2)








I2RσR(t, T1, T2) · σR(t, T1, T2)− rV = 0
limt↗p2 V (t, IR(t)) = V (p2, Ip2)
.
Then V has the representation







E [V (p2, Ip2)|Fp2 ] .
where t ∈ [p1, p2) which is the last roll period before the maturity of the
option.
3.1.3 PDEs for The Commodity Index Option
Definition 3.1.1. The commodity index I(t) is defined as follows.
I(t) =
 I(t) during non roll periodsIR(t) during roll periods
And let us define the volatility of I(t) as follows.
σTt(t) =
 σ(t, Tt) during non roll periodsσ(t, Tt, T ′t) during roll periods
where Tt and T
′
t are the delivery dates of the first and the second nearby
futures contracts at time t respectively.
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If the futures prices composing the commodity index is continuous pro-
cesses and the commodity index is defined like Definition 3.1.1, the index
I(t) is continuous all the time. The volatility for the commodity index is
similar.
The underlying futures of commodity index are traded in global ex-
changes. However the intervals between delivery months of these futures
are certain according to specific commodity, and the delivery dates of the




T ′t = Tt + constant.
Therefore it is possible the above definition for the volatility of commodity
index.
Now, the backward iteration of the previous two steps introduced in this
section gives the conclusion as follows.
Theorem 3.1.1. Assume that I satisfies the following stochastic differential












is in L2[0, S].









I2σTt(t) · σTt(t)− rV = 0
V (t, I) = Φ(IS)
where Φ is a S-contingent claim.
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Then V has the representation








for all t ∈ [0, S].
Proof. If t ∈ [p1, p2), then the price of the commodity index call options is







E [V (p2, Ip2)|Fp2 ]
by the lemma 4.1.2.


























But assuming the interest rate r(t) is a deterministic function for all t, then
















The last equality is because of so called the iterated condition of conditional
expectation. And iterating such backward calculation, the result of this
theorem holds.
3.2 Pricing Formula of European Options on The
Commodity Index
3.2.1 European Call Options
Assumption 5. From now on, we will use the following notations and
assumptions to the end of this chapter.
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• The notation I(t) used in the previous section change to the notation
I(t).
• σ(t) := ‖σTt(t)‖.
• Wiener process Wt in the stochastic differential equation of I(t) is
1-dimension in the Sections 3.2, 3.3, 3.4. Thus, the dynamic of the
commodity index I(t) is represented as follows.
dI(t) = I(t)σ(t)dWt
where σ(t) is deterministic.







where r(τ) is a risk free short rate.
Namely, D(t1, t2) is a discount factor.
By Assumption 5, the value of the commodity index is represented as
follows.










Definition 3.2.1. Assume that σ(u) is deterministic. Let us define the










LEMMA 3.2.1. 0 ≤ t < S and I(t) = I. Then
K ≤ IS













































σ(u)dWu = XS .
Now, let us calculate the pricing formula of the European call option.
THEOREM 3.2.1 (the pricing formula of European call options on
the commodity index). Suppose that the commodity index I satisfies the
following stochastic differential equation,
dI(u) = I(u)σ(u)dWt
where σ(u) is a deterministic function. And there is an European call option
on the commodity index with the strike price K and the maturity S. Then,
the pricing formula of this option is as follow.

















REMARK 3.2.1. Considering the pricing formula of futures call options,
its form is similar with the pricing formula of the commodity index call
options. In other words, the futures value is replaced by the commodity
index value in the pricing formula of futures call options.














By the theorem 3.1.1,














By the lemma 3.2.1,













































































































































































































Therefore, the conclusion of this theorem is derived.
3.2.2 European Put Options
PROPOSITION 3.2.1. Suppose that an European call option and an
European put option on the commodity index I have same maturity S and
same strike price K. Let C(S, IS) and P (S, IS) be the contingent claims of
the call and put options respectively. Then
C(S, IS)− P (S, IS) = IS −K.
By Proposition 3.2.1, the contingent claim of the put option is
P (S, IS) = C(S, IS)− IS +K.
Let us consider European call option on the commodity index with the
strike price 0 and the maturity S. Then the contingent claim of the option
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is IS if the values of the commodity index is positive all the time. Thus by
Theorem 3.1.1 the price of the option at time t is
D(t, S)E [IS |Ft] .
So we can get the following Lemma.
THEOREM 3.2.2 (the pricing formula of European put options on
the commodity index). Suppose there is an European put option on the
commodity index with the maturity S and the strike price K. Then at time
t, the price of the put option is
















Proof. By Theorem 3.1.1
P (t, I) = D(t, S)E [P (S, IS)|Ft]
= D(t, S)E [C(S, IS)− IS +K|Ft]
= D(t, S) [E [C(S, IS)|Ft]− E[IS |Ft] +K]
= D(t, S) [IN(d1)−KN(d2)− I +K]
= D(t, S) [KN(−d2)− IN(−d1)] .
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From the proof of Theorem 3.2.2 we can take the following corollary.
COROLLARY 3.2.1 (Put-Call Parity). Assume that there are Euro-
pean call and put options on the commodity index with same maturity and
same strike price K. Let C(t, I) and P (t, I)the prices of the call and put
options respectively. Then
C(t, I)− P (t, I) = D(t, S)(I −K).
3.3 Pricing Formula of The Digital Options on
The Commodity Index
3.3.1 Digital Put Options
Definition 3.3.1. The S-contingent claim of digital put options on the
commodity index is defined as follow.
Φ(IS) =
 0 , IS ≥ K1 , IS < K
Let Pd(t, I) be the value of digital put options.
THEOREM 3.3.1. Assume the commodity index has the following dy-
namic.
dI(u) = I(u)σ(u)dWu.
where σ(u) is a deterministic function.
Then























By the theorem 3.1.1.




= D(t, S) Prob. (IS < K) .
By the lemma 3.2.1.







3.3.2 Digital Call Options
Definition 3.3.2. The S-contingent claim of digital call options on the
commodity index is defined as follow.
Φ(IS) =
 1 , IS ≥ K0 , IS < K
Let Cd(t, I(t)) be the value of digital call options.
THEOREM 3.3.2. Assume the commodity index has the following dy-
namic.
dI(u) = I(u)σ(u)dWu.
where σ(u) is a deterministic function.
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Then












Proof. By the theorem 3.1.1.
Cd(t, I) = D(t, S)E[1{IS≥K}]
= D(t, S) Prob.(IS ≥ K)
= D(t, S) Prob.(XS ≥ a)
























and Y is the standard normal distribution.
REMARK 3.3.1.
Cd(t, I) + Pd(t, I) = D(t, S)
In other word, the value of portfolio consisting of digital call option and put
option which are same strike price and same maturity is equal the value of
risk free zero coupon bond.
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3.4 Pricing Formula of Barrier Option Price
















Then I(t) = exp(Xt) holds By the Definition 4.4.1. Be careful that
the definition of stochastic process Xt is distinct from the meaning in the
Sections 3.2, 3.3.
Definition 3.4.2. For a stochastic process X,
MXt = max 0≤s≤t Xt
The outline for the pricing of barrier options is as follow.
(i) Induce the joint probability measure of (Z,MZ) from the reflection
principle and derive the joint density function of (Z,MZ).
(ii) Using the Girsanov Theorem, calculate the joint probability measure
and the joint density function of (X,MX).
(iii) calculate the price of barrier options.
LEMMA 3.4.1. Suppose that
dZu = σ(u)dWu,
MZt = max 0≤s≤t Zt.
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Then for arbitrary a > 0, h > 0,
P (MZt ≥ a) = 2P (Zt ≥ a)
P (MZt ≥ a, Zt ≥ a+ h) = P (MZt ≥ a, Zt ≤ a− h)
Proof. Let τ = inf{t > 0;Zt = a} and
Z̃t =
 Zt , t ≤ τ2a− Zt , t ≥ τ .
Then Zt and Z̃t have the same distributions.
But {MZt ≥ a} = {Zt ≥ a} t {Zt < a, MZt ≥ a}.
And since {Zt < a, MZt ≥ a} = {Z̃t > a}, therefore
P (MZt ≥ a) = P (Zt ≥ a) + P (Z̃t > a)
= P (Zt ≥ a) + P (Zt > a)
= 2P (Zt ≥ a).
Furthermore,
P (MZt ≥ a, Zt ≥ a+ h) = P (MZt ≥ a, Z̃t ≥ a+ h)
= P (MZt ≥ a, 2a− Zt ≥ a+ h)
= 2P (MZt ≥ a, Zt ≤ a− h).
LEMMA 3.4.2. Suppose that
dZu = σ(u)dWu,
MZt = max 0≤s≤t Zt.
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Then the joint density function of (Zt,M
Z
t ) on {(a, b) : a ≤ b, b ≥ 0} is



















P (Zt < a, M
Z
t ≥ b) = P (Zt < b− (b− a), MZt ≥ b)
= P (Zt > b+ (b− a), MZt ≥ b)
















P (Zt < a, M
Z









































and Calculating the partial differential of both sides in this equation for the
variable a, the result of this lemma is derived. i.e.













LEMMA 3.4.3. Assume that




MXt = max 0≤s≤t Xt.
Then the joint density function of (Xt,M
X
t ) on {(a, b) : a ≤ b, b ≥ 0}









































And the probability measure Q satisfies the following.
dQ = Lt dQ
Then by the Girsanov Theorem, W̃t is a Brownian motion and Xt is
martingale under the measure Q.
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Now
Q(Xt ≤ a, MXt > b)
























































































































































































And calculating the partial differential of both sides in this equation for the
variable b,

















Let K be the strike price of an up and out call barrier option and B be the
barrier of the option. Then the payoff of the option with the maturity S is
Φ(IS) = (IS −K)+1{MIS≤B}
= (IS −K)1{IS≥K, MIS≤B}









First of all, Let us assume that I(0) = I ≤ B so that b > 0. Otherwise,
because the option price is zero, it is not meaningful. If k < 0, we will
integrate on {(x, y) : k ≤ x ≤ y ≤ b}. On the other hand, if k < 0, we
will integrate on {(x, y) : k ≤ x ≤ b, 0 ≤ y ≤ b}. Eventually synthesizing
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both cases, we will calculate the integration on the region {(x, y) : k ≤ x ≤
y, x+ ≤ y ≤ b}.
THEOREM 3.4.1 (the pricing formula of up-and-out call options). Sup-
pose that 0 < I(0) < B and there are up-and-out call barrier options on the
commodity index with the strike price Kk, the maturity S and the barrier
B. The underlying commodity index I(t) satisfies the following stochastic
differential equation,  dI(u) = I(u)σ(u)dWuI(0) = I .
Then the price of the up-and-out call options, CUO(0, I) is as follow.







































d2(x, y) = d1(x, y)− σXS
and N is the cumulative distribution function of the standard normal dis-
tribution.
Proof. By the Theorem 4.1.1, the price of the up-and-out call options CUO(0, I)
is















































































































































































Let us attach the number I, II, III and IV to these four integrations respec-




























































































































































































































































































































































∴ CUO(0, I) = D(0, S)(I + II + III + IV).
This equation is equal with the conclusion of this theorem.
REMARK 3.4.1. Let C(0, I;K) be the price of vanilla call option at time
zero with the strike price K and CUO(0, I;K) be the price of up-and-out
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call option at time zero with the strike price K and the barrier B . Then
the price CUO(0, I;K) is represented as follow.










Corollary 3.4.1 (the pricing formula of up-and-in call options). Let
CUI(0, I;K) be the price of up-and-in call option at time zero with the strike
price K and barrier B. Then











CUI(0, I;K) = C(0, I;K)− CUO(0, I;K).
3.5 Greeks
In this chapter, we will calculate the greeks of European options on the
commodity index using the pricing formulas in Section 3.2.
3.5.1 Delta
Delta is the sensitivity of option prices for the change of the index values.




Now let us calculate the delta of European call options.
THEOREM 3.5.1. The delta of European call option is N(d1).
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Proof. By Theorem 3.2.1
∂C
∂I

























































































This formula is used in the hedging portfolio of our commodity index
which appear in the process inducing PDEs in Section 3.1.
3.5.2 Vega
Volatilities of commodity futures prices have a term structure as the func-
tions for expiry of futures contract. And according to Taleb(1997)[11], in-
stantaneous forward volatility of some derivatives at specific time is repre-
sented by the implied volatility of the derivatives matured at same time, if
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the volatility term structure is differentiable. i.e.
σ2t = σ(0, t)
2
where σt is the forward volatility at time t and σ0,t is the implied volatility







Here σ(0, s) means the volatility term structure at present. Therefore, d1
















So Vega, the sensitivity for volatilities of commodity futures prices, has to
been represented in concept of the Frechet derivatives for the volatility term
structure.
We will consider Vega at present time 0 in this subsection. And we will
abbreviate the volatility term structure σ(0, s) to σ(s). Then d1 and d2 are
















Namely σ(s) of the equations (3.5.3) and (3.5.4) is the volatility term struc-
ture in this subsection.
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Definition 3.5.1. Assume that f, g ∈ L 2[0, S]. The inner product of f
and g in L 2[0, S] is as follow.




Definition 3.5.2. Let V (t, I,K, S, σ, r) be the value of an European call
option on the commodity index. The function F is defined as follow.
F : L 2[0, S] −→ R
σ 7−→ V (t, I,K, S, σ, r),
for arbitrary but fixed t ∈ [0, S]. Here K is the strike price and S is the
maturity of the option.
We want to define the Frechet defivative DF (σ) of F at σ such that
lim
h→0
|F (σ + h)− F (σ)−DF (σ)(h)|
‖h‖L 2[0,S]
= 0
where σ, h ∈ L 2[0, S]. First we need next lemma to get the linear functional
DF (σ).
LEMMA 3.5.1. (limit of Frechet derivatives sequance) Consider sequences
of functions {σn}, {hn} ⊂ L 2[0, S], where σn → σ, hn → h and σ, h ∈
L 2[0, S]. If Ψ is continuously differentiable at σ in L 2[0, S], then
DΨ(σn)(hn)→ DΨ(σ)(h).
Proof. Since Ψ is continuously differentiable
DΨ(σ) : L 2[0, S]→ R
and
DΨ : L 2[0, S]→ (L 2[0, S])∗
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≤ ‖DΨ(σn)‖(L 2[0,S])∗‖hn − h‖L 2[0,S] + ‖DΨ(σn)−DΨ(σ)‖(L 2[0,S])∗‖h‖L 2[0,S]
where
‖A ‖(L 2[0,S])∗ = sup
{
|A (f)| : f ∈ L 2[0, S], ‖f‖(L 2[0,S])∗ ≤ 1
}
for some linear bounded operator A . ‖DΨ(σn)‖(L 2[0,S])∗ and ‖h‖L 2[0,S] are
bounded. In addition ‖hn−h‖L 2[0,S] → 0 and ‖DΨ(σn)−DΨ(σ)‖(L 2[0,S])∗ →
0 as n→∞. Therefore the conclusion of this lemma holds.
Definition 3.5.3. {uj(s) : [0, S]→ R | j = 0, 1, 2...} is an arbitrary count-
able orthonormal basis in the function space L 2[0, S].
And σ̄n means that the projection of σ to the subspace < u0, ..., un > of
L 2[0, S] which is the space generated by {u0, ..., un} in L 2[0, S].









THEOREM 3.5.2. (the Frechet derivatives of European call options for
volatilities) Suppose that U is bounded open subset in L 2[0, S], σ ∈ U ,
‖σ‖L 2[0,S] 6= 0 and F is continuously differentiable in L [0, S].
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Then DF (σ) satisfying the equation
lim
h→0
|F (σ + h)− F (σ)−DF (σ)(h)|
‖h‖L 2[0,S]
= 0
for any h ∈ L 2[0, S] is
D(0, S)[IN ′(d1(σ))δ1(σ)−KN ′(d2(σ))δ2(σ)](σ ◦ h)
where
δ1 =




















Proof. Let us define h̄n as the projection of h on < u0, · · · , un > for some
h ∈ L 2[0, S], that is, h̄n = Σnj=0hjuj .
We can consider the least integer N > 0 such that σ̄n 6= 0 for all n ≥ N .
Then for n ≥ N
0 < ‖σ̄N‖2L 2[0,S] ≤ ‖σ̄n‖
2
L 2[0,S] ≤ ‖σ‖
2
L 2[0,S] <∞. (3.5.5)
First, we will calculate the Gâteaux derivative of F at σ̄n. Define
F (σ̄n) = F (a0u0 + · · ·+ anun) =: F̃ (a0, a1, ..., an).
In other word, the function F̃ is defined on (n+1)-dimensional vector space.
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Then the Gâteaux derivative of F at σ̄n to direction h̄n is
lim
τ→0









F̃ (a0 + τh1, ..., an + τhn) |τ=0
= ∇F̃ (a0, ..., an) ◦ (h0, ..., hn) .
Because
F̃ (a0, a1, ..., an) = F (σ̄n)
































for j = 0, 1, ..., n.




















































































F (σ̄n + τ h̄n)− F (σ̄n)
τ



























∣∣∣∣∣ − log IK‖σ̄n‖3L 2[0,S] + 12‖σ̄n‖L 2[0,S]
∣∣∣∣∣











is bounded for n ≥ N .
Let us define the functional DF (σ̄) : U ′ → R as
DF (σ̄)(g) = D(0, S)[IN ′(d1(σ̄n))δ1(σ̄n)−KN ′(d2(σ̄n))δ2(σ̄n)](σ̄n ◦ g)
for some g ∈ U ′ where U ′ is a bounded open subset of L 2[0, S].
Then the functional DF (σ̄n) satisfies the continuity and the linearity for
g, and boundedness of DF (σ̄n) holds. Therefore, the functional DF (σ̄n) is
the Frechet derivatives of F at σ̄n.
By Lemma 3.5.1






In chapter 2, we constructed the commodity index rebalanced continuously
as soon as the futures prices change. In this chapter, we will consider the
commodity index rebalanced discretely. In other words, the rebalancing
coefficients are changed from time to time. The following model is based on
the structure of RICI.
4.1 Modeling for The Commodity Index Discretely
Rebalanced
Assumption 6. Here, we will see the structure of RICI.
• Xi(t, T ) (i = 1, 2, ..., N) are the futures prices consisting the commod-












Figure 4.1: the commodity index rebalanced discontinuously
ties σi(t, T ) which is Rd-functions and satisfy the following SDE.
dXi = Xiσi(t, T ) · dWt.
And Wt is d-dimensional vector with d independent wiener processes
as its elements.
• wi are the index weight of Xi(t, T ).
• mi(T ) are the contract weights determined at the initial time of a roll
period in which the underlying futures contracts of commodity index
are rolled to Xi(t, T ) for each i. These value are only valid to the
futures contracts with the delivery month T . mi(T )’s are determined
as the following equations.
mi(T )Xi(pT , T )
ΣNk=1 mk(T )Xk(pT , T )
= wi for all i,
ΣNk=1 mk(T ) = 1
where pT is the initial time of the roll period in which the underlying
futures prices of commodity index are rolled to Xi(t, T ).





ΣNk=1 mk(T )Xk(t+ ∆t, T )
ΣNk=1 mk(T )Xk(t, T )
.
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′)Xk(pT ′ , T
′)
ΣNk=1 mk(T )Xk(pT ′ , T
′)
and pT ′ is the initial time of the roll period in which the underlying
futures prices are changed from Xi(t, T ) to Xi(t, T
′). C is constant
during the roll period. C is used for continuity of the value process of
commodity index.
4.1.1 Non Roll Periods






ΣNk=1 mk(T )Xk(t, T )
=
ΣNk=1 mk(T )Xk(t, T )~σk(t, T )
ΣNk=1 mk(T )Xk(t, T )
· dWt.
Let
νi(t,X1(t, T ), · · · , XN (t, T )) =
mi(T )Xi(t, T )
ΣNk=1mk(T )Xk(t, T )
for all i = 1, 2, · · · , N . Then
ΣNk=1 νi(t,X1(t, T ), · · · , XN (t, T )) = 1
and νi > 0 for all i. So, we can consider that νi are the weights of somethings.
Using these definitions of the weights νi, we can get the following definition
of the commodity index.
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Definition 4.1.1. Let σi(t, T ) be the deterministic Rd-functions for each
i = 1, 2, · · · , N . Then the commodity index which is rebalanced periodically
satisfies the following SDE during non roll periods.
dIt = I(t)σ(t, T ) · dWt
where
σ(t, T ) = ΣNk=1 νk(t,X1(t, T ), · · · , XN (t, T ))σk(t, T )
In other words, νis are the weights of the volatilities of the futures
prices contributing to the volatility of the commodity index. Let us call νi
the volatility weights of the commodity index performing similar role with
the index weights wi in the Subsection 2.3.1. These volatility weights are
stochastic process determined by the futures prices Xi(t, T ) and the contract
weights mi(T ). So, the volatility of the commodity index σ is a stochastic
process.
Definition 4.1.2. (the volatility weights νis of the commodity index)
νi(t,X1(t, T ), · · · , XN (t, T )) =
mi(T )Xi(t, T )
ΣNk=1mk(T )Xk(t, T )
for all i = 1, 2, · · · , N .
REMARK 4.1.1. When we consider the model for the commodity index
which is rebalanced continuously in Chapter 2, if the volatilities of the fu-
tures prices forming the commodity index are deterministic, then so is the
volatility of the commodity index.
However the commodity index rebalanced discontinuously has the stochas-
tic volatility even though all futures components of the index have deter-
ministic volatilities. Therefore we will deal with stochastic volatility model
henceforth.
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THEOREM 4.1.1. For each i, the volatility weight νi is a geometric Brow-
nian motion represented as follow.
dνi(t,X1, · · · , XN ) = νi (µi(t,X1, · · · , XN )dt+ θi(t,X1, · · · , XN ) · dWt)
where
µi(t,X1, · · · , XN ) = Σk 6=i ν2k‖σk‖2 − νi(1− νi)‖σi‖2
+2Σk,l k 6=l νkνl‖σk‖‖σl‖ρkl − Σk 6=i νk‖σk‖‖σi‖ρik,
θi(t,X1, · · · , XN ) = (1− νi)σi − Σk 6=i νkσk,
and ρkl is the correlation coefficient of Xk(t, T ) and Xl(t, T ).
Proof. We will use the definition of νi and the Itô formula to prove this
theorem. For the sake of convenience, we will write as following notations,
mi = mi(T ), Xi = Xi(t, T )
and
X = ΣNk=1 miXi.





























































































































= νi[(1− νi)σi − Σk 6=i νkσk] · dWt
+νi[−νi(1− νi)‖σi‖2 + Σk 6=i ν2k‖σk‖2 + 2Σk,l k 6=l νkνl‖σk‖‖σl‖ρkl
−Σk 6=i νk‖σk‖‖σi‖ρik]dt.
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Therefore νi is geometric Brownian motions for each i.
4.1.2 Roll Periods





Cα(t)ΣNk=1 mk(T )Xk(t+ ∆t, T ) + (1− α(t)) ΣNk=1 mk(T ′)Xk(t+ ∆t, T ′)




′)Xk(pT ′ , T
′)





p1 − pT ′
.
and pT ′ is the initial time and p1 is the terminal time of the roll period
in which the futures contracts are rolled from Xi(t, T ) to Xi(t, T
′).





Cα(t)ΣNk=1 mk(T )dXk(t, T ) + (1− α(t)) ΣNk=1 mk(T ′)dXk(t, T ′)
Cα(t)ΣNk=1 mk(T )Xk(t, T ) + (1− α(t)) ΣNk=1 mk(T ′)Xk(t, T ′)
.
Let us define νk and ν
′
k such that
νi = νi(t,X1(t, T ), ..., XN (t, T ), X1(t, T
′), ..., XN (t, T
′))
=
Cα(t)mi(T )Xi(t, T )
X
ν ′i = ν
′
i(t,X1(t, T ), ..., XN (t, T ), X1(t, T
′), ..., XN (t, T
′))
=
(1− α(t))mi(T ′)Xi(t, T ′)
X
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for each i = 1, 2, · · · , N where
X = Cα(t)ΣNk=1 mk(T )Xk(t, T ) + (1− α(t)) ΣNk=1 mk(T ′)Xk(t, T ′).
Then 0 < νi < 1, 0 < ν
′







dXi(t, T ) = Xi(t, T )σi(t, T ) · dWt
dXi(t, T
′) = Xi(t, T
′)σi(t, T
′) · dWt
we can rewrite the dynamic of the commodity index as follow.
dIt
It
= ΣNk=1 νkσk(t, T ) · dWt + ΣNk=1 ν ′kσk(t, T ′) · dWt.
Definition 4.1.3. Let σi(t, T ) and σi(t, T
′) be the deterministic Rd-functions
for each i = 1, 2, · · · , N . Then the commodity index which is rebalanced
periodically satisfies the following SDE under risk neutral measure during
rollover periods.
dIt = I(t)σ(t, T ) · dWt
where






Namely, νi and ν
′
i are volatility weights for the volatility of each futures
price composing the commodity index during a rollover period.
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Definition 4.1.4. (the volatility weights νis and ν
′
is of the commodity index
during roll periods)
νi(t,X1(t, T ), · · · , XN (t, T ), X1(t, T ′), ..., XN (t, T ′)) =
Cα(t)mi(T )Xi(t, T )
X
ν ′i(t,X1(t, T ), · · · , XN (t, T ), X1(t, T ′), ..., XN (t, T ′)) =
(1− α(t))mi(T ′)Xi(t, T ′)
X
for each i = 1, 2, · · · , N .
The proof of next theorem is analogous to the proof of Theorem 5.1.1.
THEOREM 4.1.2. The volatility weights νi and ν
′
i are a geometric Brow-
nian motion for all i.
Proof. Referring to the proof of Theorem 4.1.1, we only need to check the
partial differential of νi and ν
′
i for time variable t. For convenience, We use
the following abbreviations.
α(t) = αt, mi(t, T ) = mi, mi(t, T
′) = m′i
Xi(t, T ) = Xi, Xi(t, T


















































































































































4.2 PDEs for The Options on Commodity Index
Rebalanced Discontinuously
The PDEs for the values of the options on the commodity indices rebalanced
periodically are not same with the PDEs for the values of the options on the
commodity indices rebalanced continuously because the volatilities of the
former indices are stochastic processes.
In this chapter, we will derive the PDEs for the values of options on the
commodity indices rebalanced periodically. We will consider these problem
on non roll periods and on roll periods separately as considered in Section
3.1.
Here, we assume that the commodity index is formed from two futures




















Figure 4.2: underlying futures prices of the commodity index during the
time interval [0, S]
In Figure 4.2, rT1 and rT2 are the initial times of two rollover periods.
And S is the maturity of the option.
4.2.1 Non Roll Periods
First we will derive the PDEs for the option values in the time interval
[p2, S].
Assumption 7.
• We take a portfolio which consists of 1-share European call option
on the commodity index and two kinds of futures contracts with the
futures prices X(t, T2) and Y (t, T2) which are underlying prices of
the commodity index. The shares of the futures prices X(t, T2) and
Y (t, T2) are ∆X and ∆Y respectively.
• The dynamic of the futures prices are represented as the followings
under risk neutral measure.
dX(t, T2) = X(t, T2)σX(t, T2) · dWt
dY (t, T2) = Y (t, T2)σY (t, T2) · dWt.
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• The dynamic of the commodity index is as follow.
dI = I(t)σ(t, T2) · dWt
where
σ(t, T2) = νσX(t, T2) + (1− ν)σY (t, T2),
ν = ν(t,X(t, T2), Y (t, T2))
=
mX(T2)X(t, T2)
mX(T2)X(t, T2) +mY (T2)Y (t, T2)
.
mX(T2) and mY (T2) which are determined at time rT2 in Figure 4.2
are the contract weights about X(t, T2) and Y (t, T2) respectively.
• π(t) means the value of this portfolio at time t ∈ [p2, S]. And V (t, I, ν)
is the value of the European option on the commodity index. Therefore
π(t) = V (t, I, ν).
By Theorem 4.1.1, the following proposition holds.
COROLLARY 4.2.1. The volatility weight ν satisfies the following SDE.
dν = νµ(t, ν)dt+ νθ(t, ν) · dWt
where
µ(t, ν) = −(1− ν)
(
ν‖σX‖2 − (1− ν)‖σY ‖2 − (2ν − 1)‖σX(t, T2)‖‖σY (t, T2)‖ρ
)
,
θ(t, ν) = (1− ν)(σX(t, T2)− σY (t, T2))
and ρ is the correlation coefficient of X(t, T2) and Y (t, T2).
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Now, let us derive the PDEs for the values of the options during non
rollover periods. The change of portfolio value π is represented as follow.
dπ = dV + ∆XdX(t, T2) + ∆Y (t, T2)dY.
Because the volatility of the commodity index σ(t, T2) is a function for the
























(dν)(dI) + ∆XdX(t, T2) + ∆Y dY (t, T2).
However by Assumption 7











and by Proposition 4.2.1 the diffusion of dν,



















































(I‖σ‖ν(1− ν)‖σX − σY ‖β)
)
dt
+∆XdX(t, T2) + ∆Y dY (t, T2)
where β is the correlation coefficient of the index I and the volatility weight
w.
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(I‖σ‖ν(1− ν)‖σX − σY ‖β)
)
dt



















(I‖σ‖ν(1− ν)‖σX − σY ‖β) = rπ
= rV (t, I, ν).
where r is a risk free interest rate. As a result, we can get the following
conclusion using the Feynman-Kač Theorems.
THEOREM 4.2.1. Suppose that the process I has the following dynamic dI(u) = I(u)σ(u, T2) · dWuI(t) = I .
Also assume that ν is represented as following SDE

































∂ν∂I (I‖σ‖ν‖θ‖β) = rV (t, I)
V (S, I, ν) = Φ(I)
,
where Φ is a S-contingent claim.
Then V has the representation








where t ∈ [p2, S] which is the last non rollover period ending at time S.
4.2.2 Roll Periods
Here, we will derive the PDE during the rollover period [rT2 , p2].
Assumption 8.
• The values of options on the commodity indices are continuous.
• We take a portfolio which consists of 1-share European option on the
commodity index and four kinds of futures contracts with the futures
prices X(t, T1), Y (t, T1), X(t, T2) and Y (t, T2). X(t, T1) and Y (t, T1)
are the first nearby futures. X(t, T2) and Y (t, T2) are the second
nearby futures. The shares of the futures prices X(t, T1), Y (t, T1)
X(t, T2) and Y (t, T2) are ∆X1 , ∆Y1 , ∆X2 and ∆Y2 respectively.
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• The dynamic of the futures prices are as follows.
dX(t, T1) = X(t, T1)σX(t, T1) · dWt
dY (t, T1) = Y (t, T1)σY (t, T1) · dWt
dX(t, T2) = X(t, T2)σX(t, T2) · dWt
dY (t, T2) = Y (t, T2)σY (t, T2) · dWt
• Let us define C and X as follows.
C =
mX(T2)X(rT2 , T2) +mY (T2)Y (rT2 , T2)
mX(T1)X(rT2 , T2) +mY (T1)Y (rT2 , T2)
,
X = Cα(t){mX(T1)X(t, T1) +mY (T1)Y (t, T1)}
+(1− α(t)){mX(T2)X(t, T2) +mX(T2)Y (t, T2)}.
And the volatility weights ν1, ν2, ν3 and ν4 are defined as




ν2(t,X(t, T1), Y (t, T1), X(t, T2), Y (t, T2)) =
Cα(t)mY (T )Y (t, T1)
X
,
ν3(t,X(t, T1), Y (t, T1), X(t, T2), Y (t, T2)) =
(1− α(t))mX(T ′)X(t, T2)
X
,
ν4(t,X(t, T1), Y (t, T1), X(t, T2), Y (t, T2)) =
(1− α(t))mX(T ′)Y (t, T2)
X
= 1− (ν1 + ν2 + ν3)
where mX(T1) and mY (T1) are the contract weights determined at
time rT1 in Figure 4.2, and mX(T2) and mX(T2) are the contract
weights determined at time rT2 in Figure 4.2.
• The dynamic of the commodity index is as follow.
dI = I(t)σ(t, T1, T2) · dWt
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where
σ(t, T1, T2) = ν1σX(t, T1) + ν2σY (t, T1) + ν3σX(t, T2) + ν4σY (t, T2).
• Assume that
dν1 = ν1 (µ1(t, ν1)dt+ θ1(t, ν1) · dWt)
dν2 = ν2 (µ2(t, ν2)dt+ θ2(t, ν2) · dWt)
dν3 = ν3 (µ3(t, ν3)dt+ θ3(t, ν3) · dWt) .
• π(t) means the value of this portfolio at time t. And V (t, I, ν1, ν2, ν3) is
the value of the European options on the commodity index. Therefore
π(t) = V (t, I, ν1, ν2, ν3).
V (t, I, ν1, ν2, ν3) is the value of the European options on the commodity
index during a rollover period. However because limt↗p2 α(t) = 0,
lim
t↗p2
ν1 = 0, lim
t↗p2




ν1(p2) = 0, ν2(p2) = 0,
ν3 (p2, X(p2, T2), Y (p2, T2)) = ν (p2, X(p2, T2), Y (p2, T2)) .
Therefore we can define the boundary value in this time interval as follows.
lim
t↗p2
V (t, I(t), ν1, ν2, ν3) = V (p2, Ip2 , ν).
Let us derive the PDE for the values of the options on the commodity
index during rollover periods. The change of the portfolio value π is
dπ = dV + ∆X1dX(t, T1) + ∆Y1dY (t, T1)
+∆X2dX(t, T2) + ∆Y2dY (t, T2). (4.2.1)
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Since the volatility of the commodity index σ(t, T ) is a function for the






























+∆X1dX(t, T1) + ∆Y1dY (t, T1) + ∆X2dX(t, T2) + ∆Y2dY (t, T2).
(4.2.2)
However by Assumption 8


















LEMMA 4.2.1. The diffusions of ν1, ν2 and ν3 are respectively














































Proof. Suppose ak are deterministic functions and Xk are distinct stochastic
processes of futures prices with the dynamic
dXi = Xiσi · dWt
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So, we can get the conclusion in this lemma.


















































































Substituting the equation (4.2.3) and these four delta values to the equa-























































where βk is the correlation coefficient of the commodity index I and the
volatility weight νk and γkl is the correlation coefficient of the volatility
weights νk and νl.

























= rV (t, I, ν1, ν2, ν3).
where r is a risk free interest rate. As a result we can take the following
lemma by Feynman-Kač Theorems.
THEOREM 4.2.2. Suppose that the stochastic process I satisfies the fol-
lowing SDE
dI = I(t)σ(t, T1, T2) · dWt
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where
σ(t, T1, T2) = ν1σX(t, T1) + ν2σY (t, T1) + ν3σX(t, T2) + ν4σY (t, T2).
Furthermore ν1, ν2 and ν3 are satisfy the following SDE
dν1 = ν1 (µ1(t, ν1)dt+ θ1(t, ν1) · dWt)
dν2 = ν2 (µ2(t, ν2)dt+ θ2(t, ν2) · dWt)
dν3 = ν3 (µ3(t, ν3)dt+ θ3(t, ν3) · dWt) .














































I‖σ‖νk‖θk‖βk + Σk 6=l ∂
2V
∂νk∂νl
νk‖θk‖νl‖θl‖γkl = rV (t, I, ν1, ν2, ν3)
limt↗p2 V (t, I(t), ν1(t), ν2(t), ν3(t)) = V (p2, I(p2), ν(p2)) .
Backward iterating the application of Theorem 4.2.1 and Theorem 4.2.2,




The excess returns of RICI are defined as the rates of changes of sum of
weighted futures prices. From this definition we tried to model commodity
index in continuous version. As a result the dynamics of commodity index
are a martingale under risk neutral measure and the volatilities are repre-
sented as stochastic processes defined by the prices of underlying futures.
Namely, this model is a stochastic volatility model. From these dynamics we
can derive Black-Scholes PDEs for European commodity index options. So,
the prices of commodity index options are represented as the expectation
of their contingent claims. And we can get the formulas for the hedging
portfolio consisting of the underlying futures.
This thesis introduced the theoretical model for commodity index in
Chapter 2. This modeling is constructed on hypothesis that our commodity
index is rebalanced continuously. As a result the dynamics of our commodity
index are martingale and lognormal processes under risk neutral measure.
However this modeling shows that if the volatilities of the underlying fu-
tures are deterministic then the volatility of our commodity index is also
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derterministic. Therefore using this model, the mathematical description
for commodity index is simpler and handling of commodity index model-
ing is easier than the stochastic volatility model. From this modeling we
can take the Black-Scholes PDEs and the formulas for the hedging portfolio
consisting of the underlying futures. Furthermore we can get the pricing
formulas for the values of commodity index options.
Of course the stochastic processes of commodity indices move differently
in the two models. However the correlation for the return rates of two
distinct commodity indices in the two models come near to 1 in our sim-
ulations. Moreover Hong(2012)[19] shows that the difference of the prices




[1] B. A. Frigyik, S. Srivastava and M. R. Gupta, An Introduction to Func-
tional Derivatives, UWEE Technical Report, Jan. 2008.
[2] Beeland Interests, Inc. The RICI r Handbook, The Guide to the Rogers
International Commodity Indexr, January 21, 2011
[3] Bruno Dupire, Pricing and Hedging with Smiles, Nikko Financial Prod-
ucts, 1993.
[4] C. B. Erb and C. R. Harvey, The Tactical and Strategic Value of Com-
modity Futures, January 12, 2006.
[5] E. M. Ankrim and C. R. Hensel, Commodities in Asset Allocation: A
Real-Asset Alternative to Real Estate? Financial Analysts Journal, Vol.
49, No. 3, may-Jun 1993, p. 20-29
[6] I. M. Gelfand and S. V. Fomin, Calculus of Variations, Dover, 2000.
[7] J. K. Hunter and B. Nachtergaele, Applied Analysis, World Scientific,
2001.
[8] John C.Hull, Options, Futures, and Other Derivatives, Pearson Educa-
tion, seventh edition, 2009.
84
[9] M. Musiela and M. Rutkowski, Martingale Methods in Financial Mod-
elling, Springer-Verlag, second edition, 2005.
[10] M. Romano and N.Touzi, Contingent Claims and Market Completeness
in a Stochastic Volatility Medel , Mathematical Finance, Vol. 7, No. 4,
Oct. 1997, p. 399-410.
[11] N. Taleb, Dynamic Hedging: Managing Vanilla and Exotic Options
New York: John Wiley & Sons, 1997
[12] Paul Wilmott, on Quantitative Finance, John Wiley & Sons, 2006
[13] R. Fernholz and B. Shay, Stochastic Portfolio Theory and Stock Market
Equilibrium, Journal of Finance, Vol. 37, No. 2, May 1982, p. 615-624.
[14] R. Gordon, Commodities in an Asset Allocation Context, Journal of
Taxation of Investments, Vol. 23, p. 181, Winter 2006.
[15] R. J. Greer, The Nature of Commodity Index Returns, The Journal of
Alternative Investments, Summer 2000.
[16] Steven E. Shreve, Stochastic Calculus for Finance II: Continuous-Time
Models, Springer-Verlag, 2004.
[17] T. Björk, Argitrage Theory in Continuous Time, Oxford University
Press, 2004.
[18] W. Rudin, Real and Complex Analysis, McGraw-Hill, third edition,
1987.
[19] Y. S. Hong, Study of Commodity Index and Index Option Seoul National
university Master’s Thesis, Aug 2012.
85
국문초록
이 논문은 원자재 지수의 두 가지 모델을 제시한다.
첫번째 모델은 지수의 바탕이 되는 각 선물 가격의 비율을 연속적으로
리밸런싱 한다는 가정 하에서 만든 모델이다. 이 모델은 원자재 지수가 위
험중립측도 하에서 마팅게일 과정이며 대수정규 분포로 표현된다는 것을
보여준다. 이 모델에서는 원자재 지수 값에 대해 특정 원자재 선물이 차지
하는 비율이 항상 고유의 지수 비율을 만족한다. 이 모델로부터 유러피안
지수 옵션의 가격에 대한 편미분 방정식과 가격 공식을 얻어낼 수 있다.
두번째 모델은 지수의 바탕이 되는 각 선물 가격의 비율을 주기적으로
리밸런싱한다는 가정 하에서 만든 모델이다. 이 모델은 전형적인 확률 변
동성 모형의 형태이다. 이 모델을 이용하여 유러피안 지수 옵션의 가격에
대해, 롤오버 기간과 롤오버를 하지 않는 기간에 의해 구분된 시구간별 편
미분 방정식을 얻어낼 수 있다.
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지수옵션 가격, 헷징
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